The (first-order) gravitational self-force correction to the spin-orbit precession of a spinning compact body along a slightly eccentric orbit around a Schwarzschild black hole is computed through the ninth post-Newtonian order, improving recent results by Kavanagh et al. [Phys. Rev. D 96, 064012 (2017).] This information is then converted into its corresponding Effective-One-Body counterpart, thereby determining several new post-Newtonian terms in the gyrogravitomagnetic ratio gS * .
I. INTRODUCTION
In the newly born gravitational wave (GW) era [1] [2] [3] [4] , it will become more and more important to extract accurate physical information from experimental data as rapidly as possible. This implies constantly improving the mathematical modelling of the dynamics, and of the gravitational-wave emission, of inspiralling and coalescing binary systems. One of the current key methods used in the LIGO-Virgo data analysis pipelines, is the Effective-One-Body (EOB) formalism [5] [6] [7] [8] [9] . The EOB formalism is used both in the construction of hundreds of thousands of semi-analytical templates [10] [11] [12] , describing the complete waveform emitted by coalescing binary black holes, and in the construction of hybrid EOB-numerical waveforms that are then used to calibrate frequency-domain phenomenological waveforms [13] .
The EOB approach is based, among other building blocks, on the definition of an analytical, resummed Hamiltonian which allows one to describe the coalescence process up to the merger of the two considered bodies. It is useful both for binary black hole systems, and for systems comprising neutron stars [14] [15] [16] . In recent years the necessity of making EOB theory more efficient has been driving research in several analytical directions which can potentially improve the accuracy of the EOB dynamics. In particular, new knowledge acquired through Post-Newtonian (PN) theory (valid in the weakfield and slow motion regime), gravitational self-force (SF) theory (valid when the mass ratio of the two bodies is very small), Post-Minkowskian (PM) theory (valid in the weak field regime), and numerical relativity (NR), has been usefully transcribed in terms of the basic potentials entering the EOB Hamiltonian. For instance, the current, fourth post-Newtonian (4PN) knowledge [17] [18] [19] [20] has been translated in EOB terms in Ref. [21] . For examples of the translation of high-PN-order SF knowledge into EOB counterparts, see, e.g., Refs. [22] [23] [24] [25] .
The aim of the present paper is to improve the current analytical knowledge of eccentricity-dependent contributions to the spin-orbit precession of a spinning compact body orbiting a nonspinning black hole, and to translate this knowledge within the EOB formalism. The computation of gauge-invariant, eccentricity-dependent SF effects in the spin-orbit precession of a small spinning body was initiated in a recent paper by Akcay, Dempsey and Dolan [26] . Then Kavanagh et al. [25] analytically computed the PN expansion of the self-force correction to the spin-orbit precession, up to the sixth PN order and transcribed this information into the corresponding knowledge of the PN expansion of the (phase-spacedependent) EOB gyrogravitomagnetic ratio g S * (r, p r , p φ ) up to the fourth PN order in the coefficient of the square of the radial momentum, i.e. O(u 4 p 2 r ) included (where u = GM/(c 2 r)). Here we shall extend the work done in Ref. [25] to the ninth PN level for the spin precession, at the second order in eccentricity, almost doubling the number of the analytically known terms (because of the presence of many half-PN-order contributions). We shall then explicitly derive the relationship between the spin precession invariant along eccentric orbits, and the various potentials parametrizing spin-orbit effects within the EOB formalism, thereby determining the PN expansion of the O(p 2 r ) contribution to the gyrogravitomagnetic ratio g S * (r, p r , p φ ) up to the fractional seventh PN accuracy (i.e. an improvement by six half-PN-order contributions).
To make the paper self consistent we will start by briefly recalling the main computational steps of Refs. [26] and [25] . Most of the technical details will, however, be relegated to an appendix. Unless differently specified we will use units so that c = G = 1.
II. FIRST-ORDER SF SPIN-PRECESSION
INVARIANT ∆ψ (up, e) In this section we recall the basic theory underlying the derivation of the spin precession invariant ψ(m 2 Ω r , m 2 Ω φ ; m 1 /m 2 ), and its first-order SF contribution ∆ψ. Consider a binary system consisting of a spinning compact body (of mass m 1 and spin S 1 ) and a Schwarzschild black hole (of mass m 2 and spinless, S 2 = 0) with q ≡ m1 m2 ≪ 1. Through O(m 1 ), the small body can be considered as following an eccentric geodesic orbit in a (regularized) perturbed spacetime g R αβ , while its associated spin vector is parallelly-transported in g R αβ .
Here we consider the small-spin regime |S 1 |/(cGm 2 1 ) ≪ 1, i.e. we work linearly in S 1 . The regularized perturbed metric g R αβ is decomposed as
whereḡ αβ is the background spacetime
with f = 1 − 2m2 r , and where q h R αβ is the first-order SF metric perturbation. Henceforth, we shall omit the superscript R. Let us denote by Ω r = 2π/T r and Ω φ = Φ/T r the radial and (averaged) azimuthal angular frequencies, respectively. Here, Φ denotes the accumulated azimuthal angle from periapsis to periapsis. The spin precession is conveniently measured by the dimensionless quantity
defined by the ratio of the amount of precession angle Ψ (with respect to a polar-type basis) accumulated by the spin vector over one radial period T r , to the accumulated periastron precession angle Φ. Akcay, Dempsey and Dolan [26] showed how to calculate the O(q), SF contribution to the gauge-invariant function ψ(m 2 Ω r , m 2 Ω φ ; q), i.e. (taking into account that Φ is the same for the perturbed, q = 0, and background, q = 0, orbits),
See Ref. [26] , and the Appendix below, for the procedure needed to compute ∆Ψ for fixed values of the two frequencies (Ω r , Ω φ ). After the computation of the function ∆ψ(Ω r , Ω φ ), one can reexpress it as a function of the inverse semi latus rectum u p = 1/p, and eccentricity e, of the unperturbed orbit.
Kavanagh et al. [25] have recently calculated, following the approach of Ref. [26] , the spin-precession invariant ∆ψ(u p , e) up to order O(e 2 ) in a small-eccentricity expansion, e ≪ 1, and up to order O(u 6 p ) in the PN expansion, u p = 1/p ≪ 1. Their calculation was based on a computation (via the Teukolsky formalism) of the PNexpanded metric perturbation in the radiation gauge. We closely follow their analysis, extending the calculation of ∆ψ up to the order O(u 9 p ) included. Our final result for the spin precession invariant ∆ψ(u p , e) reads
6) where the PN structure of ∆ψ (2) (u p ) is (note the half-PN-order terms c k+ 1 2 , c ln k+ The zero-eccentricity term ∆ψ (0) (u p ) in Eq. (2.6) is related, as shown in [26] , to the spin precession invariant ∆ψ (circ) (u p ) directly computed along circular orbits [23, [27] [28] [29] via
where ρ(u p ) is the EOB function measuring the periastron precession at the 1SF-level [30, 31] . [Note that the expression for ∆ψ (circ) (y) given in Ref. [28] In EOB theory, the total Hamiltonian of a two-body system is expressed in terms of the "effective EOB Hamiltonian", H eff , via
where
When considering spinning bodies, the effective EOB Hamiltonian H eff is decomposed into the sum of an orbital part and a spin-orbit part
Here, we work linearly in the spins, so that the orbital part H O eff will be independent of the spins, while the spinorbit part will be linear in the spins. The structure of the orbital part is
Here L = R × P denotes the orbital angular momentum (|L| ≡ P φ ), A(R) and B(R) are the two main EOB radial potentials and the phase-space extra potential Q(R, P R ) is at least quartic in the radial momentum P R . The structure of the spin-orbit part of the effective Hamiltonian is
It involves the following two symmetric combination of the spin vectors S 1 and S 2 of the system
In the parallel-spin case L · S = LS = P φ S and L · S * = LS * = P φ S * . It is convenient to work with the following dimensionless variables
as well asĤ
The Finslerlike contributionQ has the structurê
As we work linearly in the spins, we can replace the dimensionfull spin-orbit coupling functions, G phys S and G phys S * , entering H SO eff by the corresponding dimensionless gyrogravitomagnetic ratios g S and g S * defined as
Here, we shall parametrize the SF expansions (i.e. expansions in powers of ν) of g S and g S * as
with the test-mass limit of g S * (u, p r , p φ ) written in the form [32, 33] 
In the SF expansion of g S * (u, p r , p φ ; ν) (second equation in Eq. (3.12)), we have made a specific gauge-choice for the phase-space dependence of the SF contributions: namely, following the spirit of Ref. [34] , we have represented them as functions of u and p r , without allowing for a dependence on p φ . The first-order self-force (1SF) contribution to g S * can then be expanded in (even) powers of the radial momentum:
In turn, the various coefficients g
Let us introduce the following notation for the coefficients of the various powers of u in the PN expansion of g
Only a few of these coefficients were determined in Ref. [25] , namely: Note that the first (rational) term in g c * 24 was misprinted in Ref. [25] as
In the present work, we have derived (by using the relation between the PN expansion (3.17) and the PN expansion of ∆ψ (2) ) additional terms in the PN expansion of g 1SF2 S * (u), namely: Summarizing, the present, first-order self-force knowledge of
r ) is the following: In these expressions O ln (u n ) denotes an error term of order u n modulo a coefficient depending on ln u.
IV. CONVERGENCE OF THE PN-EXPANDED SPIN-ORBIT FUNCTIONS, AND COMPARISON TO NUMERICAL SF DATA
As was pointed out in many previous works (notably Refs. [31, 35, 36] ), the speed of convergence of PN expansions is essentially determined by the distance between the origin and the first expected singularity of the corresponding exact function. For instance, the fact that the 1SF contribution, a 1SF (u), to the EOB A(u; ν) potential (A(u; ν) = 1 − 2u + νa 1SF (u) + O(ν 2 )) has its first singularity at the lightring (LR) [37] , a 1SF (u) ∼ (1 − 3u) −1/2 , suggests that the nth term in the PN expansion 1 a 1SF (u) is roughly of order ∼ (3u) n , and that the remainder after the nth term is roughly of order ∼ (3u) [23, 31, 36] . In the present work, we are mainly inter-
+ 2e (see, e.g., Ref. [38] ) marks the boundary between stable and unstable (plunging) eccentric orbits. This boundary (with its attendant change of character of the orbit) is likely to introduce a singularity in generic dynamical functions of p and e. When expanding such functions in powers of e, this will then induce a singularity in the u-dependent coefficients of this expansion at the location p = 6, i.e. at the Last Stable (circular) Orbit (LSO), namely, u p = u LSO = 1/6. For instance, Eq. (5.26) of [39] shows (when using the regularity of the EOB 1SF potentials a 1SF (u) and d 1SF (u) at u = u LSO = 1/6) that the term of order e 2 , say z
1SF (u p ), in the eccentricity expansion of the 1SF contribution to the averaged redshift of particle 1, has a singularity of the form z
. We similarly expect ∆ψ (2) (u p ) to have a singularity at u p = u LSO = 1/6. By the general argument above, this singularity should entail that the nth term in the PN expansion of ∆ψ (2) 
n (ln u p )u n p has a value, when evaluated at u p = u LSO = 1/6, that is roughly independent of n, say
where c(ψ (2) ) is a number of order unity. In turn, this behavior implies that the value of the nth PN term at any u p is roughly of order
2) Actually, things might be more subtle than just explained. Indeed, as the SF function ∆ψ(u p , e) comes from SF expanding the function ψ(Ω r , Ω φ ) it might inherit singularities at the other separatrix where the two frequencies Ω r , Ω φ become degenerate [40, 41] , i.e. where the Jacobian J = ∂(Ω r , Ω φ )/∂(p, e) vanishes. Eq. (13) of [41] shows that this occurs when 4p 2 − 39p + 86 = 4p
For instance, Eq. (2.9) above shows that the zeroeccentricity ∆ψ (0) (u p ) limit of ∆ψ(u p , e) has its first singularity at u p = u isopairing < u LSO . However, Eq. (2.9) shows also that there is an extra factor 1 − 6u in the numerator of the singular piece in ∆ψ (0) (u p ), so that one expects PN-expansion coefficients of the rough type ∼ c(u/u isopairing ) n with a numerically small prefactor c ∝ 1 − 6u isopairing ≃ 0.05959.
In Table I , we list the numerical values of the successive O ln (u n ) contributions to both ∆ψ (0) (u p ) and ∆ψ (2) (u p ), These results allow us to write down a rough theoretical estimate of the remainder of any truncated PN expansion, such as
Namely, one expects the absolute value of the N -PN remainder, ∆ψ
roughly of order (using the fact that, in the cases we shall consider, the next term differs by a half PN order)
, LSO N + (1 − 6u) αN .
(4.5)
Here, like in our previous works [31, 36] , we allow for the possibility of having not only an overall numerical prefactor, namely C ψ (2) , LSO N + , but also to correct the contribution of the next, N + 1 2 th, PN contribution by a udependent factor (1 − 6u) −αN which resums the missing higher-order PN contributions. In the cases considered in Refs. [31, 36] (which dealt with singularities at the lightring), one had some a priori estimates of the value of the exponent α N entering the latter factor. In the cases considered here of singularities at the LSO, we do not have such a priori estimates, and we shall choose the values of the exponent α N so as to increase the agreement with the numerical SF data to be discussed next.
Ref. [26] (2) (u p ) derived above improves the agreement between numerical data and theoretical values. Such a comparative study must crucially take into account both the numerical error σ num m (u p ) and the relevant theoretical error, as estimated by using the general formula (4.5). More precisely, when dealing with the 6PN-accurate result of Ref. [25] , as we (now) know the value of the numerical coefficient C ψ (2) , LSO 6.5 , namely
, LSO 6.5 ≈ −0.185439, we shall use its absolute value in defining σ th 6 PN (∆ψ (2) (u)). In addition, we found that including an extra factor (1 − 6u) −α6 , with the exponent α 6 = 1, improved the consistency with the numerical data. In other words, we use σ th 6 PN (∆ψ (2) (u)) = 0.185439(6u) 6.5 /(1 − 6u). On the other hand, for the a priori estimate of the theoretical error on our new 9PN-accurate expression for ∆ψ (2) (u), as we do not know the LSO value of the 9.5PN contribution, we simply use as overall numerical coefficient a coefficient equal to 1 (as suggested by the last values in the second column of Table I). In addition, we found that the agreement with numerical data was slightly better when using no additional LSO-blowup factor, i.e. we use α 9 = 0. In other words, we simply use σ
The important thing is then to compare the two different numerical-minus-theoretical discrepancies, say
to a measure of the total error, combining both the numerical one and the (corresponding) theoretical one. As is standard, we define the two total errors corresponding to the two relevant cases (6PN vs 9PN theoretical accuracies) by summing the two separate errors in quadrature,
In Table II we present the values of the two different numerical-minus-theoretical discrepancies (4.6), together with the two corresponding total errors (4.7). The corresponding (discrete) data points are plotted (on a semilogarithmic scale, and using absolute values) in Fig. 1 . In the latter figure, we have also indicated the two continuous curves representing the (base-10 logarithms of the) two theoretical errors (4.5), for N = 6 and N = 9. Note that each (absolute) value of δ N PN (u p ) is quite close to the corresponding total error σ tot N PN . More precisely, for u p ≤ 0.0154 (i.e. p ≥ 65) the four different values
PN , are all close to each other, because the theoretical estimates are much closer to each other than the numerical error, and because they are also in agreement with the numerical data (within the numerical error). On the other hand, for u p > 0.0154, the data points corresponding to each separate PN accuracy (6PN vs 9PN) are still close to each other (showing the consistency, modulo the total error, of each theoretical estimate with the numerical data), but there is now a notable vertical distance between (|δ 6 PN (u p )|, σ tot 6 PN ), on one side, and, (|δ 9 PN (u p )|, σ tot 9 PN ), on the other side. For this part of the plot, the total error is dominated by the corresponding theoretical one, and we see that the improved theoretical accuracy is effective in bringing an improved agreement with the numerical data. This brings a direct numerical confirmation of our new theoretical results.
The analysis above has provided us with an estimate of the theoretical error on our new, 9PN-accurate result for ∆ψ (2) (u p ), namely the function σ th 9 PN (∆ψ (2) (u)) = (6u) 9.5 . This theoretical error gets large as u approaches This illustrates again the poor convergence of PN approximants. Here, the situation is worse than usual because, as we argued above, the function ∆ψ (2) (u) probably has a singularity at (or near) u = u LSO = 1 6 = 0.1666 . . .. Even our 9PN-accurate expansion becomes useless above u ≃ 0.1.
In Fig. 2 , left panel, we plot the sequence of N -PN approximants to ∆ψ (2) (u), as defined in Eq. (4.4), for N ≥ 3. In the right panel, instead we compare our 9PN result for ∆ψ (2) (u) to the numerical data extracted from Ref. [26] . [25] ) and 9PN (this work) and the corresponding numerical-minus-theoretical discrepancies δi defined in Eq. (4.6). The estimates of the corresponding uncertainties in their values are indicated in parenthesis. The second column shows the numerical estimates m num i obtained in Ref. [25] by least-squares fitting the numerical data for ∆ψ(p, e) given in Ref. [26] . As there are no numerical data for u p > 0.1, and as the current theoretical estimates get (as explained above) completely unreliable for u p > 0.1, we see that we have no firm knowledge of the behavior of ∆ψ (2) (u) for u p 0.1. The enormous spread among the various PN approximants cannot reliably tell us whether ∆ψ (2) (u) goes to +∞ or −∞ (or has a milder behavior) as u approaches Finally, let us discuss the convergence properties of the PN expansion of the 1SF contributions to the EOB gyrogravitomagnetic ratio g S * (u, p r , p φ , ν). We recall that, according to Eq. (3.12), the SF expansion (i.e. the expansion in powers of ν) of g S * (u, p r , p φ , ν) is decomposed into the zeroth contribution (3.13) (expressed as a specific function of u, p r and p φ ), and into a 1SF contribution (3.15) which is expanded in powers of p S * (u, p r ). Indeed, when taking from the start the limit p r → 0, i.e., when considering the sequence of circular orbits, the only place where a singularity can appear is at the LR, i.e., for u = u LR = (2) (up) superposed to the corresponding data extracted (in Ref. [25] ) from Ref. [26] .
see that, indeed, they are roughly all of order unity.
On the other hand, because of the specific gauge choice we made of writing (for definiteness) the coefficient g
S * (u, p r ) as a function only of u (rather than of both u and p φ ), it is to be expected that the function g 1SF2 S * (u) will inherit from its "source" function ∆ψ (2) (u p ) the presence of a singularity at the LSO, i.e. at u = u LSO = S * (u, p r , p φ ) that would hopefully only be singular at the LR (but be regular at the LSO), one needs to apply a gauge transformation to gauge-fix g
S * (u, p r ), and the determination of this transformation must involve the comparison of gaugeinvariant functions of two variables, i.e., functions of the two frequencies Ω r and Ω φ . For the reasons explained above, the latter comparison will then introduce an extra singularity at u = u LSO = 1 6 . In the second column of Table III we list the separate, successive PN contributions to g 1SF2 S * (u), evaluated at u = 1 6 , and we see that, indeed, they stay roughly all of order unity (possibly except for the last one, which is largish). By contrast, when evaluating the successive PN contributions to g 1SF2 S * (u), evaluated at u = 1 3 , we found that they became increasingly large as the PN order increases (for instance the O(u 6 ) contribution is equal to −75.38253 at u = 1 3 , while the O(u 7 ) one is equal to 928.63276). Using the same reasoning we employed above to estimate the theoretical error on the truncated PN expansions of ∆ψ (2) (u), we then expect that a reasonable estimate of the theoretical error on the current 7PN-accurate PN expansion of g The latter error goes to infinity when u approaches 1 6 = 0.1666 . . ., and becomes already unacceptably large around u ≃ 0.13. Indeed, the (absolute value of the) fractional error σ th (g 1SF2 S * (u))/g 1SF2 S * ,7PN (u) increases with u and is found to be equal to 13.68% when u = 0.12, and 38.00% when u = 0.13. In other words, even the much improved 7PN-accurate expansion of g 1SF2 S * (u) derived in the present work becomes totally unreliable for u > 0.12, so that we do not have any solid knowledge of the strong-field behavior of g 1SF2 S * (u). In absence of direct numerical data on g 1SF2 S * (u) we have no firm knowledge of the behavior of this function beyond u = 0.12, and, in particular, of its probable singularity structure at u = 1 6 . One would need an analytical knowledge of the latter singularity structure in order to concoct a more regular version, say g 1SF2 S * (u, p φ ), involving some dependence on p φ . The enormous strong-field spread among the various PN approximants to g 1SF2 S * (u) is illustrated in Fig. 3 .
V. CONCLUDING REMARKS
Improving upon recent results by Kavanagh et al. [25] , we have analytically computed, through the ninth postNewtonian (PN) order, the O(e 2 ) contribution to the (first-order) gravitational self-force (SF) correction to the spin-orbit precession of a spinning compact body along a slightly eccentric orbit around a Schwarzschild black hole (see Eq. (2.8)). We have then translated this information into its corresponding Effective-One-Body (EOB) counterpart, thereby determining through the (fractional) seventh PN order the O(p 2 r ) self-force contribution to the EOB gyrogravitomagnetic ratio g S * (see Eq. (3.22)). We have shown the compatibility between our improved analytical knowledge of ∆ψ (2) and numerical SF data extracted in Ref. [25] from the numerical results of Ref. [26] (see Fig. 1 and Table II) . We have studied the convergence of the PN expansions of both ∆ψ (2) (u) and g 1SF 2 S * (u) and emphasized that their convergence is much worse than that of the usual, circular-orbit related dynamical quantities. Indeed, the existence, in the unperturbed background spacetime, of a Last Stable (circular) Orbit (LSO) at r = 6GM/c 2 implies the presence of a singularity at u = 1 6 in the (exact) functions ∆ψ (2) (u) and g 1SF 2 S * (u), and, this singularity then entails that the radius of convergence of the PN expansions of ∆ψ (2) (u) and g . This radius of convergence is twice smaller than that of the usual, circular-orbit related dynamical potentials (such as the SF contribution a 1SF (u) to the main EOB radial potential). The resulting bad convergence of the sequence of PN approximants has been illustrated in Figs. 2 and 3 . If one wants to overcome this problem, one would need to study the precise analytical structure of the LSO singularity of the functions ∆ψ (2) (u) and g 1SF 2 S * (u). We leave this task to future work, as well as the technically challenging task of further extending our results in the following directions: computing higher PN orders, including higher order contributions in eccentricity, and taking into account the spin of the central black hole.
Appendix A: Definition of the spin-precession invariant
Gyroscope precession in the background spacetime
The tangent 4-velocityū (ū·ū = −1) to an unpertubed eccentric geodesic orbit on the equatorial plane of the background Schwarzschild spacetime is given bȳ
whereṙ ≡ū r is such thaṫ
The orbit can be parametrized either by the proper timē τ or by the relativistic anomaly χ ∈ [0, 2π], such that
They are related by
The (dimensionless) background orbital parameters, semi-latus rectum p and eccentricity e, are defined by writing the minimum (pericenter, r peri ) and maximum (apocenter, r apo ) values of the (areal) radial coordinate along the orbit as
They are in correspondence with the conserved (dimensionless) energyĒ = −ū t and angular momentumL =ū φ per unit mass of the particle, viā
The reciprocal of p, u p ≡ p −1 , is a useful argument, which serves also as PN expansion parameter.
Eq. (A4) can be used to solve the equations for t and φ as functions of χ, which are then solvable in terms of elliptic functions. As is well known, eccentric orbits are characterized by two fundamental frequencies,Ω r = 2π/T r andΩ φ =Φ/T r , whereΦ = dφ = dχdφ/dχ is the angular advance during one radial period,T r = dt = dχdt/dχ. 
The gyroscope precession is defined with respect to the Marck-type frame [42] 
whose transport properties are
withω =ĒL r 2 +L 2 .
The precession angle of a test gyroscope dragged alongū is then given byψ 
which finally yields
2. Spin precession in the perturbed spacetime
Bound timelike geodesics in the equatorial plane of the perturbed spacetime have 4-velocity 
The 4-velocity 1-form turns out to be
where h αū = h αβū β , and where the further equatorial plane condition δu θ = 0 (implying h θū = 0) has been assumed.
The geodesic equations
determine the evolution of δu t and δu φ , or equivalently of the perturbations in energy δE and angular momentum δL by
where the functions F t and F φ are the covariant t and φ components of the self force
Here we are interested in conservative effects only, i.e., we assume that F α = F 
recalling the relations (A17). Here, the conservative self force components are defined by F 
with
The spin precession has been calculated by Akcay et al. [26] with respect to a suitably defined perturbed Marcktype frame {u, e a } adapted to u, with e 
where ∆Ψ = δΨ − ∂Ψ ∂Ω r δΩ r − ∂Ψ ∂Ω φ δΩ φ .
The SF corrections to the frequencies are given by 
